


Than : Let R be a perfectoid Tate algebra.
CP
Let s be a finite etale R-algebra .

Then S is a

perfectord Tate algebra and So is almost finite etale over Ri

(ii) Tilting S1->SP induces an equivalence of categories.

Ret : = (Finite etale Rags] => [finite etale Rags]=: Ret.

Remark for myself.

How togiveS topology :

Ro rig of definition of R .

A pseudo-uniformizer
pick a finitely generatedRo module MCS such that MIT) =S

Give S the unique lear topology such that M is open with t-adic

top -

The weakest topology making R-linear maps. R-> S continuous.

We will prove the theorm when R= perfectoid field first and the

general theorem will use the field case and similar method.

Almost mathmatics.

K perfectoid field .

m= K
%

=UAThK the subset of topologically nilpotent elements.

Def : An-19-module a is zero1f and only of mM=0



(Only need to check xMM =0 for all <20 .).

Lemma
:
The full subcategory of almost zero objects in Ki- mod is thick.

We can form the localizationof category
ko-mod

k-mod--> Ko * mod. Cm-torsions=

M+-> Ma

poa-mod has the same object as kirod .
but we change the hom-sets

so that everything in (m-torsion) is isomorphic to 0.

/ -> K
.

- mod
LM-torsion)

IKormod-
>

KommoditKord
e

ber" generic Fiber"
! ↑

j
X Uc X 39]

jo : sh(X)->ShIU). has left and right adjoints 31 andSt.

The localization functor (= )"has left and right adjoints NL>N !
and N>NK .

And .

(Ma) + = Homyo (m,M)

(M") ! = m * M
. (Remark ! also exact)

Call Mr the module of telements of M.

Lemma
.

Let M
,
N be two 1-modules

.

Then

Hompoa (Ma, N") = Homp (MQ M, N).



In particularly , Hompo (X, Y) has a natural structure ofK module

for any two K -modules X and Y.

alHom(X, Y) := HompaCX , Y)
"

Det : Let A be any K algebra.. Man A-module.

(1) M is flat of MBA - is exact.

(2) M is projective it alHomalMi) is exact.

(3) Let M = N and A = R

M is most finitely generated./most finitely presented most free of rank d.

it for any EGM. = +.9. / JoP/ free of ranked R2-module Na

and fa : Ne-> N with kerf and cokert killed by E.

Def . J : A -> B a map ofK0-algebras. We say - is

unrantied if there exist an almost element ec (BxB)<
such that e=e

, ules = and Keiln) · 2=0.
*

etale = Hat + unramified

finite itale = etale + almost finitely presented.
Lemma. flat + almost f

.
P
.

- almost projective + almost 5
.9.

Remark. A -> B finite etale
map of commutative rngs.

=> closed immersion Spec B -> specBOAB is open map.



= unique diagonal element - G BOAB Sit.

④ e
② uce)= 1 for UI BOB->B multiplication
③ Keilige =0 .

Now we begin to prove our theorem
, first for perfector field case.

Lemma
. Let M be an A module which is in-adically complete. and

without sion. Then A-module M is almost free rank of d.

E> FRA-module MaM is almost Gree rank ofd.

prof - dis to simplify notation.

" E eqM such that Kernel and cokernel of

↑RA -> M
a rae

killed by Itr .
fi

Defme A -> M

a 1> ae -

a < Keif -> ne =0 = + . a -AA - - <Pa = Tib = Tbe = Trac = 0

-> be =0 = <b = Ab ... -> a = 7) * bK
.

for all K.
=> GO

-

Me Cokerf .

-> Ttr . m= Ge + AM 1
=> - -

m = age + FMp
I A 2 2

Extr . M = 4 , 2 +
H

(ace) + ET) a Mc

-> Form zo in Cokerf .



=>"similarly .

The same spirit ,

Lemma : FRA-> PR almost finite tale

< A -> R almost finite etale
.

Prop
.

Let K be a perfectoid field of char= P . 4K a finite

field extension. Then O2 ( = integral coure

of OK inside 2) is almost finite etale .
What's more

O is almost free rank of d as OK module.

Proof.
Recall K perfect.. 4k separable.

LO- L*** K is non-degenerate pairing.

e.... edEL a K-vector space basis.

ef ... edual basis then b= eiTryk(bei

by theory of separable extension
ei= erELOKL is an idempontent.p

*

Frobenius map 11 X -> XP is automorphism for K
, Uk , L , Us , L/

and (e) =e

Fix N < 0 such that <Nei-> Un (eith = OEES)



T2"e = G "(AN2) = End aNev Q ANT
= 2 4"(πN 2i) BY "LAN e) E OL Pope

ec (OcMOpOn)- = Hom (M , 0280
,
PL).

Hence, OK-> Or is unramified .

fi 0 -> 04

ca ... ad) -> Y " (Ner) ar
=f

9 : 0-> 0

b 2 > (Tryp(by"(aei) , ..... Trypbe" (RNen)). ).

fg=
2n

9f = πTn .

Hence Kernel and cokernel of f andy are killed by in

Hence Or is almost free of rank d.
.

Similar spirit.

ProP
.

R is perfectoid Tate algebra of charP. Let T be a finite.

etale R algebra . Then T is perfectoid Tate algebra , and To is
almost finiteetale over Ro



Lemma
.

Let K be a field which complete under a valuation.

f(x) EKIX) irreducible monic polynomial such that f10) EOK

Then f(x) - Ok[x].

Proof : Hensel's Lemma
.

Lemma. Let K be a perfectoid field. Then

K algebraically closed -)K* is algebraically closed.

proof we prove "direction. (E) -
" direction similarly).

We just need to show for a monic irreducible deg o polynomial
f(x) E UKIX). Then f(x) has a root.

Step1 · given OLE OK , EYEOK Sit
. 1yMIX)

Write CL= TMOL' where mpo
,
she UkTOK

.

Okb/b = Oly and K is algebraically closed.

EYEO4 sit. yd =N modTOK
.

hence (yM) = (i)

ieKP has a dtroot
.

and # : K
*
-> K is multiplicative.

1)** is a d-th root of A.

y = ((πb) ***,y satisfies (y)d= /I.

Step2 . Given at OK
,

such that If(as) < (T)"
,

there exists

EGOK sit. IEE/T and If (a+9) < /aut
·



= YEUK such that lyM = Ifa))
.

g(X) == yd) (a+1X). is monic and irreducible poly . in KIX].

g 1 0) = g
d
+(a) - Oc OK

.

By Lemma again. g(x) EOk[x].

Uk/b = Oly and K isalgebraically closed,

there be OK Sit . g(b) =O modE. OK.
TakE=yb (8) = (y6) = (y) = lik

1y -df)a +9)/ < T.
(f (a+2) < (π)(yd) < /t

**

Thm .

Let K be a perfectoid field.

(i) if 4K finite , then L is perfectoid .

(ii)
E finite field extension of K3 =>> (finite field extension of kb)

Lx

is a degree preserving equivalence of categories.

Proof . Recall we already know

Sperfectoid fieldsk) => <perfectord field/kb)
L +>

But we don't know how it preserving finiteness.



Claim1. If M is finite extension .

then My is finite extension of

the same deg
Proof . We proved that

Om is almost free of rank [M : k6] as Op module.

On is ... as Ok 6 module.

sll H

Omi is ... as

Uk/
module.

T

Opt ↑S - as Ok modle .

Inverting I tells us M* is free K module of rank [M : K]

Hence we get a fully faithful functor.
exten, exten exten

.

~ u z

3 finite fiel) #finite fiey which is perfectoiding < [finiteTydK --

character P
and above equivalence of categories.

we need to prove the composition is surjective.

Krasnei's Lemona .

(ii ABSE (or).

LetF be a field which is complete Wit . a valuation 11iF -> Ro.

Let 2, BE pSeP
,
and let LF2 , 22 ... L& E ASP be the conjugates of 2.

if (2-B) < 1-2i) i =2, .... d ,
then & -F/B)

Cor
.
Let R be a field which is complete not a valuation 11 :F-RP0.

and 4 = F a dense subfield. Then I is separably closed

= To is separably closed.



Let & = ((kb)ag)
*

=> D is perfect and separably closed.

=> Q is by closed perfector field .

=> c
*
is by closed perfectoid field

Let Q3 M-K3 , then 4
*
> M

*
> K

.

tinite
extension

Take Ni= Um
.

M
+
-
> &*

O .

MON = Umm = /t = Okayb + Vo+b = T
Hence N is dense in R*

=> N is algebracally closed

If C is finite extension of K, then LCN .
= M/ finite extension

such that LCM*. We can take M/K to be halo's extension.

Only need to prove fully faithful fractor.

& subextension of M/kb] # [subextension of MTYK)
is surjective.

We know [M : 46] = [m
*

= K]
-

Art (M) = Art, M
*
) Since the functor is fully faithful.

kb

By Galo's theory mit is also Galois extension. They have the

same number of subextension-

I
.



Thm
.
Let R be a perfected Tate algebra.

ci) Let S be a finite etale Ralgebra. Then S is a perfectord.
Tate algebra .

and So is almost finite etale over Ri
.

cri

Re= E finite etaleR-alg] = 3 finite etace R-alg3t : Ret.

Step1. (Easy for char=p , we already mention that).

Lemma
.

Let T be a finite etale RP-algebra . Then T is

a perfectoid Tate algebra and To is almost take over 12.

Step 2. Let T be a finite etale Ro-algebra.

Lemma :Tis finite tale overR and To is almost finite

etale over Ro

be
Proof. ByStep 1.

be
R-> To is almost finite etale .

R
b ->

To b is....../ /i= Th

I

R -> K rS ---

- R -> T
#O is --

Remark. Similar to field case.. We have fully faithful functor.

Efinite etale R-ag] , 4 perfectoid
.Tate algebra S/1

such thatSo is almost

kit t White tale over po) E Stmileagetea



Step 3. True for field case.

Step
4· gluing local data.

ProP:
0 Let A be army which is Heuselian along an ideal +A <A,

where +EA is a nonzero
divisor . Then the base change.

Alt)fet
-> Alt]ft

is an equivalence of categories., WhereI is the tradic completion
of A

&2. Let IMA be a filtered colmit of rings. Then

timAijet -> (LAilfet is an equivalence of categories.

where the left side is a filtered colmit of categories.

Remark : directed system of categories [Ci) I.
Functor Eg : (i ->Cj for itj in I.

2-HC = objects .
are objects of any ci

Hom(Xi
, j) = kmHom) E (xi) . Ejk(xj) where xitc

ik
i- K xjECj

↑

Let (S , st) be any Tate pair : and I ES is a pseudoormizer
OL -> X = SpaCS, st

Ox
,x= By(u) mxx

= (fEOxa)(f(x) =0]



Ox = Ot (U) 2fe0xa)(f(x) > 1)
/

Mxx is an idea in Oxi.
t

Ox
mxx

=> Oxymx
,

=: k(x) = k(x
+

It)
.

K(x)+: = /
Take I-adic completion. Note that Mxisc is i- divisible .

Hence killed by Tc-adic completion.

A
Oxist = (Oxymis) " Ki
- kixs =

x
[T]

X
K(X)
+et

=> [] RTtet -tim(Ox(u)+e)
f

↓Is"(mOx)
Let

Any finite etale Kixs -alebra spreads out to aI

finite tale OxlU) - algebra for a small rational

neighborhood U of CL. It is unique in the sense
: given

another choice
, two agree on a smaller neighbourhood.



Back to proof of main theorem.

b
x>x
P

X == SpaCR, R)->
↑
: = SpaCR3 , R

6

0X

Ul Ul

y-> U

Ox(V)
.

"
= Uyb(U)
--

KCOP)
fet
=> tim((yb(V) +et):

I I

Pistet w

tim (Uy(0) etl .--

=* f
I

Kix
+et
-- tim (0x10)tete

Given a finite etale R-algebra S.

the finite etale Fix algebra S &R Kix)

can be written as ↑
Oy0)

FTx
D

for some OyLUx) - algebra To. where Us is a small neighborhood
of OL .



Since H" (X
, Ox) = 0

H' (X , Ox) is almost cero
for iso

One can glueTy as we vary 3) to show

# : Retal -> Retale. hits S
,

as desired.


